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A hollow bottle-like microresonator (BLMR) with ultra-high quality factor is fabricated from a
microcapillary with nearly parabolic profile. At 1.55 µm pumping, degenerate four-wave mixing
can be observed for a BLMR of diameter 102 µm. The parabolic profile of the BLMR guarantees a
nearly zero waveguide dispersion, which is theoretically discussed in detail. From the simulation, at
1.55 µm wavelength in such a BLMR, the fundamental bottle mode is in the anomalous dispersion
regime, whilst the ordinary whispering gallery mode (WGM) confined at the center of the BLMR
is in the normal dispersion regime. Experimentally, no degenerate FWM is observed for the WGM
selected by positioning the coupling tapered fiber in the same BLMR. Furthermore, dispersion tuning
is briefly discussed. As the work predicted, the BLMR shows promise for the implementation of
sparsely distributed, widely spanned frequency combs at the telecommunication wavelength.
I. INTRODUCTION
Whispering gallery mode microresonators (WGRs) are
widely used as a basic element for many applications in
various fields such as cavity quantum electrodynamics[1],
optomechanics[2] and sensing[3]. The photons in the
WGRs are highly confined by total internal reflection,
so that the light intensity in the WGRs can be very high.
Therefore many non-linear effects such as Raman[4],
Brillouin scattering[5] and Kerr effects[6] can be imple-
mented. Among the different non-linear effects, four-
wave-mixing (FWM) is very important in generating
frequency combs[7] and cavity solitons[8]. FWM is a
parametric process where two pumping photons create
a signal-idler pair, which should satisfy conservation of
energy and momentum[9]. In an ideal cavity, the cav-
ity modes should be equidistant, such that if we pump
the cavity at one mode resonance, the adjacent modes
symmetric to this mode automatically satisfy the require-
ments (i.e. they are phase matched). Such a process is
called degenerate FWM. However, in reality cavity modes
are not equidistant due to dispersion. Dispersion origi-
nates from two sources; material dispersion, which can be
quantized by the parameter of group velocity dispersion
(GVD) if we only consider up to second order dispersion
in the material[10], and waveguide dispersion[11], intro-
duced by the non-equidistant property of the cavity.
In WGRs, in order to obtain the phase matching condi-
tion under dispersion for degenerate FWM, optical Kerr
non-linearity in the cavity is adapted[12, 13]. Taking sil-
ica WGRs as an example, the material non-linear index
coefficient is positive such that the total dispersion needs
∗ yong.yang@oist.jp
to be anomalous. The zero dispersion wavelength (ZDW)
of silica is approximately 1.33 µm; thus, at the telecom-
munication wavelength (1.55 µm) it is anomalous[10]. In
a silica microsphere WGR, the waveguide dispersion will
shift the ZDW to longer wavelengths. In order to main-
tain anomalous dispersion, the size of the microsphere
should be chosen carefully. It was demonstrated that in
a silica microsphere of diameter no less than 150 µm,
the total dispersion is still in the anomalous regime and
therefore FWM can be observed in such microspheres[13].
Recently, it has been found that microubble WGRs may
be a good candidate for compensating for waveguide dis-
persion. With a thin wall, the cavity mode is highly
confined, such that the waveguide dispersion can be re-
duced. In a microbubble with a wall thickness of 3-4 µm,
FWM was observed even for diameters at 136 µm[14].
Waveguide dispersion in a microsphere or microbubble
originates from the non-equidistance of the mode distri-
bution for different longitudinal modes. From the Mie
scattering model of a spherical boundary, the eigenvalues
of the equations give a non-linear relationship to the lon-
gitudinal mode numbers[15]. To get equally distributed
eigenvalues, it was proposed that bottle-like mode res-
onators (BLMR) could be used[16]. Unlike conventional
WGRs, where light is confined in the equatorial region,
in such a BLMR light propagates not only in the equa-
torial plane but also along the axial direction of the cav-
ity, spiraling between two caustics. Q factors as high as
108 were achieved in BLMRs experimentally[17], allow-
ing their use in non-linear optics[18]. If the lateral profile
of the BLMR is parabolic, theoretically the equation de-
scribing the axial electromagnetic fields of the bottle like
modes is an analogy of a harmonic oscillator; thus, the
eigenvalue is ideally linear to the index of the mode num-
bers.
In this letter, we analyzed the waveguide dispersion of
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2a BLMR and compared to the WGM without axial prop-
agation. By using the two CO2 beam heating technique,
a hollow BLMR was fabricated. It is shown that degen-
erated FWM at 1.55 µm wavelength exists for a BLMR
smaller than that for a microsphere or microbubble if
the bottle modes are excited by selective coupling using
a tapered fiber.
FIG. 1. (a) Microscope image of the BLMR for the experi-
ment. (b) A scheme of a bottle mode (m = 1) in a cylindrical
coordinate. R0 is the radius at the center. zC is the co-
ordinate for the caustic.(c) is a m = 6 mode pattern in a
R0 = 51µm BLMR.
II. DISPERSION IN BLMR
The BLMR can be treated as a cylindrical optical cav-
ity with a lateral deformation illustrated as Fig.1(b).
The profile along the z-axis is a parabolic curve with
R(z) = R0(1− 12 (ζz)2). Here, R0 is the maximum radius
of the BLMR at z = 0, and ζ is the curvature of the pro-
file. When light is coupled at the caustic zc, the bottle
mode is excited. The eigenfrequency νl,m of the bottle
modes can be expressed as follows[16, 17]:
νl,m =
c
2pin
√
l2
R20
+
(m+ 12 )2ζl
R0
. (1)
Here, l,m are longitudinal and axial mode numbers re-
spectively, where m + 1 is the number of round trips
between two caustics. c is the speed of light in vacuum
and n is the refractive index of the resonator material.
Note that in the practice, ζR0 is very small and m +
1
2 < l such that the waveguide dispersion of the bottle
mode, which is defined here as the variation of the free
spectrum range (FSR), is:
∆νFSR ≈ −
c[(q + 12 )ζR0]
2
2pinR0
l−3. (2)
If light is coupled at the equatorial plane z = 0, the
modes excited in the BLMR is the conventional WGM
as for a microsphere. The TE mode distribution has the
following form[15]:
νq,l ≈ c
2piR0n
[l − αq( l
2
)
1
3 +
3α2q
20
(
l
2
)−
1
3 ]. (3)
Such a mode is indexed by the radial and longitudinal
mode numbers as q, l. We only consider the first radial
order such that αq = 2.45 is the first root of the Airy
equation. The dispersion induced FSR variation can be
calculated as[12]:
∆νFSR ≈ − 0.41c
2pinR0
l−5/3. (4)
The total dispersion of the cavity mode includes both
material dispersion and waveguide dispersion. The vari-
ation of FSR due to material dispersion is ∆ν0FSR ≈
c2λ2/4pi2n3R2 · GVD. GVD = −(λ/c)(∂2n/∂λ2)[10].
Using Eq.2, 4 the total variation can be calculated. For
example, in Fig. 2, the dispersion of the bottle mode and
WGM for BLMRs of radius 51 µm and 75 µm is illus-
trated. It can be seen that for the bottle mode, waveguide
dispersion does not shift the ZDW significantly, whilst
WGM dispersion shifts the ZDW depending on the ra-
dius of the BLMR. We then plotted the FSR variation
for different sizes of BLMR at 1.55 µm wavelength, as
illustrated in Fig.2. At a radius of 75 µm, the WGM
dispersion induced variation exceeds zero, as shown in
[14]. For a radius of 51 µm the FSR variation is −5MHz,
which means that dispersion is in the normal regime. De-
generate FWM should not be observed due to the inva-
lidity of the phase matching condition, which has been
experimentally demonstrated in [13, 14]. However, for
the m = 1 bottle mode, the variation is always positive
for any radius, such that the phase matching can be sat-
isfied. Degenerate FWM should therefore be observed in
a BLMR at a radius that in conventional WGMs is for-
bidden. This has been experimentally verified as follows.
FIG. 2. The dispersion of a BLMR in terms of FSR variation
for different working wavelengths. The solid curves are for
WGMs and the dashed curves represent the bottle modes.
Two different radii are chosen as illustrated in the legends.
3FIG. 3. The dispersion by variation of FSR of BLMR with
different sizes at 1.55 µm wavelength. Red curves correspond
to conventional WGMs and blue curves represent the bottle
modes of m = 1− 10, 20, 50 separately.
III. EXPERIMENT
BLMRs can be fabricated from controllable tapering
using an optical fiber[17, 19]. Here, we fabricated the
BLMR from a silica microcapillary using the two-beam
CO2 laser technique[18]. A microcapillary with inner and
outer diameters of 100 µm and 350 µm respectively was
tapered to an outer diameter of about 90 µm. The ta-
pered microcapillary was then placed in the foci of two
opposing CO2 beams, whilst connected to a nitrogen gas
cylinder with a pressure of approximately 3 bars. The op-
posing beams evenly heat and soften the microcapillary,
and the resulting swelling is monitored with a CCD cam-
era. For obtaining a BLMR, a small swelling of about
9 µm in radius is sufficient (c.f. Fig.1(a)). With this
method, a near-parabolic BLMR profile can be obtained
with a curvature of about ζ = 0.005µm−1. The wall
thickness of the BLMR was estimated to be 15 µm from
under a microscope, meaning that the low radial order
modes are mostly confined on the outer surface such that
a hollow BLMR can be equivalent to a solid one.
Fig.4 shows a schematic for the experimental setup. A
tunable laser source at 1.55 µm was launched into a ta-
pered optical fiber with a waist diameter of 1.3-1.6 µm
made using the heat-and-pull technique[19]. The BLMR
was positioned on a 3D nano-positioner such that it can
be evanescently coupled to the tapered fiber. The image
of the coupling position was monitored by using a mi-
croscope with a high resolution CCD camera. The light
coupled from the BLMR was received by a photo detec-
tor (PD) and an optical spectrum analyzer (OSA) via a
beam splitter. The resulting signal from the PD was dis-
played on an oscilloscope for finding the optical modes.
The tunable laser was set at 1550.15 nm and continuously
scanned a 35 GHz range. High Q modes were picked and
continuously scanned across. The signal is observed on
the OSA as the frequencies are scanned.
To excite the bottle mode, the tapered fiber was po-
sitioned at approximately 25 µm from the center, which
FIG. 4. Experimental setup for observing FWM in a BLMR.
TLS: tunable laser source at 1.55 µm. BS: beam splitter.
OSA: optical spectrum analyzer. PD: photo detector. DSO:
digital oscilloscope.
FIG. 5. The Four-wave-mixing in the hollow BLMR. The
pump power is 3.3 mW. The inset shows the position of the
taper from the center of the BLMR (dash line) when produc-
ing the FWM.
is the estimated caustic for the m = 6 bottle mode (see
Fig.1(c)). This position can be measured from the image
of the CCD camera (see Fig.5 inset). It can be seen that
two sideband peaks of equal height arise alongside the
pumping signal in the center. These three wavelengths
form the degenerate FWM. The pumping wavelength is
at 1550.17 nm and the signal peak is at 1560.95 nm with
the idler at 1539.37 nm. The two peaks are equally sep-
arated from the pump with an interval of 10.8 nm, in
agreement with twice the calculated FSR of the BLMR
(5.3 nm). Note that for practical systems, other non-
linearities such as Raman scattering also exist. In partic-
ular, the Raman process can generate hyper-parametric
oscillations even when the dispersion is normal[13, 20]. In
order to avoid this, we carefully chose the pump power to
be 3.3 mW to 4.2 mW, which is above the FWM thresh-
old but still below the Raman threshold for the bottle
mode. To demonstrate this, the OSA was spanned to
1670 nm, where no Raman peaks were found but the
FWM.
For comparison, the tapered fiber was moved to the
center of the BLMR (shown in the inset of Fig.6), such
that the excited mode is the conventional WGM. The
same measurements were performed with an input power
4FIG. 6. Output spectrum when the taper is positioned at
the center of the BLMR to excite the conventional WGM
((a), inset). (a) The Raman oscillation in the WGM in the
microbottle near the Raman lasing threshold (pump power
of 3.06 mW). (b) Non-degenerate FWM assisted by Raman
oscillation when the pump power is high (3.6 mW).
varying from 1.8 mW to 3.5 mW. From Fig.6(a), Raman
oscillation starts from a pump power of 3.06 mW but no
side bands arise. At 3.6 mW, side bands appear; however,
these are not symmetric to the pump. Moreover, the
long range spectrum shows that the two side bands are
separately adjacent to the pump and Raman peak with
equal distances of 10.8 nm. This is a non-degenerate
FWM assisted by the Raman process[4, 21]. It is worth
noting that Raman oscillation occurs at a lower threshold
for WGM than the bottle mode. This is due to a much
larger mode volume even for the m = 1 bottle mode than
for the WGM[18]. Nevertheless, the degenerate FWM
does not exist in the WGM in the same BLMR, which
supports the hypothesis that the bottle mode is in the
anomalous dispersion regime despite its small size.
For this work, the radius of the BLMR appears to be
a good choice. It is in the anomalous regime, but not
too deep (+15 MHZ for the FSR variation), and with
the more than 5 × 107 Q-factor, Kerr non-linearity can
just compensate for anomalous dispersion below the Ra-
man threshold. In principle, degenerate FWM exists in
arbitrarily small BLMRs as dispersion is mainly domi-
nated by the material at 1.55 µm. However, it gets into
even deeper anomalous dispersion by doing so. This will
increase difficulties in phase matching, which requires a
higher Q factor or pumping power. The Raman thresh-
old also decreases for smaller BLMRs such that Raman
assisted FWM may occur before degenerate FWM.
From Eq.2, it can be shown that the waveguide dis-
persion of the bottle mode is related to the curvature
of the profile ζ and the axial mode number m. This
means that the system dispersion is manageable. In mi-
crobubble resonators, this can be achieved by changing
the wall thickness or filling it with a different dispersive
material[14], but both of these methods are at the ex-
pense of sacrificing the optical Q-factor. Here, without
introducing any other medium and just by selecting a
higher axial mode excitation, the dispersion can be re-
duced (see Fig.3, while the Q-factor can still be as high
as 108 for those modes[17]. We have tried to excite higher
order axial modes in our BLMR by moving the tapered
fiber even further from the center. High Q modes can
still be found, but no degenerate FWM is observed. This
is due to deviations of the fabricated profile from the
ideal parabolic shape. Since the diameter of the focused
CO2 beams are a few tens of µm, only the central part
of the microbottle is well controlled. Therefore, the re-
sulting dispersion may not be in the anomalous regime
when coupling far from the center. We believe that by
improving control of the fabrication process, higher ax-
ial order modes can be used. A new technique called
SNAP, where the profile of the cavity can be controlled
to sub-Angstrom precision[22], could be used for manag-
ing dispersion in such devices[23].
IV. CONCLUSION
In conclusion, we have implemented degenerate FWM
in a hollow, parabolic BLMR. The waveguide dispersion
of the bottle mode is negligible, and thus the ZDW is de-
termined by the material. Degenerate FWM can be ex-
cited for a BLMR of radius 51 µm, which is unobtainable
in the conventional WGM as it is in the normal dispersion
regime. These predictions were then verified experimen-
tally. The bottle mode can be in the deep anomalous
dispersion regime for very small sizes, such that it could
be used for miniaturized or sparsely spaced frequency
combs in the future. The hollow structure may also be
used for fine tuning the frequency combs generated via
aerostatic pressure tuning.
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